The evolution of globular clusters driven by two-body relaxation is investigated by means of numerical integration of the two-dimensional Fokker-Planck equation in energy-angular momentum space. The twodimensional Fokker-Planck equation allows the development of velocity anisotropy. We include a spectrum of stellar masses in this paper. The radial anisotropy develops, that is, the radial velocity dispersion exceeds the tangential one, in the outer halo of multi-mass clusters as in single-mass clusters. However, the evolution of the velocity anisotropy depends significantly on the stellar mass in some cases. In fact the tangential velocity dispersion becomes dominant around the half-mass radius for massive components in clusters with a steep mass function. The development of this tangential anisotropy is closely related to the initial cooling of the massive components toward energy equipartition. Our simulation results indicate that multi-mass anisotropic King-Michie models are not always appropriate for describing the velocity anisotropy in globular clusters.
Introduction
This is the third in a series of studies on the dynamical evolution of globular star clusters by using Fokker-Planck (FP) models which allow velocity anisotropy. In the preceding two papers, pre-collapse (Takahashi 1995, Paper I) and post-collapse evolution (Takahashi 1996 , Paper II) of isolated, single-mass clusters was studied. In this paper, as a natural extension of those works, we study the evolution of multi-mass clusters (clusters with a stellar-mass function). We especially pay attention to the development of the velocity anisotropy of each mass-component.
Direct numerical integration of the FP equation (Cohn 1979 (Cohn , 1980 has been the most important tool of the study of globular cluster evolution. Various factors such as the mass function, the heating effects of binaries and the galactic tidal field, which are expected to be important for the evolution of real globular clusters, were incorporated into FP simulations. However, velocity anisotropy was usually neglected because of numerical difficulties in the integration of the two-dimensional FP equation (Cohn 1985; Paper I) . Most of the difficulties can be removed by using the improved integration scheme described in Paper I.
No. ] 3 simulations do not suffer from the problem of statistical fluctuations. Our results clearly show how the evolution of the anisotropy depends on the stellar mass and the initial mass function.
In fitting observational data to theoretical models, King models (King 1966) and their extensions have been used most frequently. The mass function and velocity anisotropy are incorporated in multi-mass King-Michie models (e.g., Gunn, Griffin 1979) . In these models the distribution function of each component depends on the specific angular momentum J through the factor exp[−J 2 /(2r 2 a σ 2 )], where r a is the anisotropy radius and σ is the velocity dispersion; radial anisotropy is significant for r > ∼ r a . The choice of this form of angular momentum dependence is rather arbitrary. For example, r a can depend on mass components, but it is usually set identical for all components for model simplicity. Gaseous model simulations by Spurzem and Takahashi (1995) and our FP simulations show that the states of velocity anisotropies are significantly different between different components in some cases. In fact the tangential velocity dispersion becomes dominant around the half-mass radius for massive components in a cluster with a steep mass function. Therefore, anisotropic King-Michie models are not always useful extensions of isotropic King models.
In section 2, the basic equations and initial conditions are described. The results of our simulations are presented in section 3. The conclusions and discussion are given in section 4. In the Appendix the diffusion coefficients for the multi-mass anisotropic FP equation are given.
[Vol. , where J c (E) is the angular momentum of a circular orbit of energy E. The number density of the ith component in (E, R)-space, N i (E, R), is given by
(Cohn 1979). Here, P (E, R) is the orbital period,
where
is the gravitational potential, and r p and r a are the pericenter and apocenter radii, respectively.
The multi-mass FP equation under a fixed potential can be written in a flux-conserving form (cf. Cohn 1979),
The expressions for coefficients D EEi , D Ei , etc. are given in the Appendix.
The gravitational potential is determined from Poisson's equation, where n i , m i , and σ i are the number density, stellar mass, and one-dimensional velocity dispersion, respectively, of the ith component, and σ 2 0 is the density-weighted central velocity dispersion. The constant C b was set to 90 in this study as usual. The total heating rate is distributed to each component in proportion to the mass density such thaṫ
where ρ tot is the total density. The orbit-averaged heating rate (per unit mass) for each component used in the FP equation is given by
Multi-Mass Models
We chose multi-mass Plummer's model (e.g. Spitzer 1987, p13) as the initial cluster model. The distribution function of the ith component is
where r 0 is a scale radius, M the total mass of the cluster, and M i the total mass of the ith component. In the model, the velocity distribution is isotropic everywhere, and the velocity dispersions for all components are equal, i.e., there is no mass-segregation. In real globular clusters, just after the dynamical equilibrium was established after their formation, the velocity distribution was probably more or less anisotropic. If globular clusters formed through the cold collapse of proto-clusters, the radial velocity dispersion might exceed the tangential one on the average. We consider, however, only initially isotropic models in this study for simplicity. The equipartition of the velocity dispersions seems reasonable initial conditions, since violent relaxation does not produce mass segregation (Lynden-Bell 1967) .
First, we consider two-component models. They are simple, but very useful to understand the essential features of the evolution of multi-component clusters. Parameters of the models we studied are listed in table 1. Each model is specified by three parameters, m 2 /m 1 , M 2 /M 1 , and N (total number of stars). The evolution of similar models was calculated by using anisotropic gaseous models by Spurzem and Takahashi (1995) .
Next, we consider continuous mass-function models. Let N (m) dm be the number of stars in the mass interval (m, m + dm). We chose a simple power-law mass function,
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We use K discrete mass components, and give the stellar mass of the ith component by
The total mass of the ith component is
Parameters of the power-law mass-function models are listed in table 2. In all the models m max /m min = 10 and the total number of stars N = 10 5 . Only the power-law index of the mass function, α, is different among the three models: α =1.5, 2.5, and 3.5 for models C1, C2, and C3 (Salpeter's mass function is α = 2.35). We used K =10 components in all the simulations in the present study. This component number is not very large, but it is sufficient, at least, to see the qualitative features of the evolution of clusters with the continuous mass function (cf. Chernoff, Weinberg 1990).
Results
The results are presented in units such that G = M = 1 and E i = 1/4, where E i is the initial total binding energy of the cluster. The mean half-mass relaxation time t rh is defined by (Spitzer 1987, p40) t rh = 0.138
where N is the total number of stars, r h is the radius containing half of the total mass,m = M/N is the mean stellar mass, and ln Λ is the Coulomb logarithm. We set Λ = 0.11N (Giersz, Heggie 1994) . Time is expressed in units of the initial half-mass relaxation time t rh,i for each model. Figure 1a shows the evolution of the Lagrangian radii containing 1, 2, 5, 10, 20, 30, 40, 50, 75 , and 90% of the segregation almost stops to proceed and the cluster expands nearly self-similarly (Murphy et al. 1990; Giersz, Heggie 1996) .
Two-Component Clusters
No. ] We measure the degree of velocity anisotropy by a quantity
where σ ri and σ ti is the radial and tangential one-dimensional velocity dispersions, respectively, of the ith component. This phenomenon is most clearly seen in model T3; β 2 at the half-mass radius attains the minimum value of −0.5, and β 2 becomes significantly negative even at the 90%-mass radius. It may be a surprise that such large tangential anisotropy appears at the outer part of the cluster. The tangential anisotropy of the heavy component appears also in model T1 temporarily, though its degree is very small. As Spurzem and Takahashi (1995) discussed and we explain right below again, the appearance of the tangential anisotropy is closely related to the initial temperature differences between the mass components and subsequent cooling of the heavy component. Figure 4 shows the profiles of the radial and tangential temperatures, T ri and T ti , at t = 1.5t rh,i in model T3.
Note that this anisotropy parameter is different from the anisotropy parameter
Here we define the radial and tangential temperatures as
there are big humps in the profiles, i.e., temperature inversions of large amplitudes appear. Recall that the velocity dispersions of the two components are equal at the initial time. At the early stage, the temperature of the heavy component drops to attain the equipartition of the energy, as seen in figure 2. Since the local relaxation time increases with radius due to the density decrease, the temperature drops most rapidly at the center. Therefore, it can happen that the temperature decrease at regions around the core cannot catch up with the core temperature decrease, and then a temperature inversion appears. [Temperature inversions can appear also during post-collapse evolution and trigger gravothermal oscillations (Bettwieser, Sugimoto 1984) .] Comparing the radial and tangential temperatures, a larger temperature inversion appears in the tangential temperature, because circular-orbit stars do not go further into the central region and hardly reflect the central temperature decrease. Therefore, the tangential velocity dispersion exceeds the radial one at this temperature-inversion region. This situation is clearly seen in figure   4 . As the degree of the initial temperature decrease is larger, the tangential anisotropy develops more. Thus most significant tangential anisotropy develops in model T3.
Though we have already shown the evolution of the anisotropy at the Lagrangian radii in figure 3 , it is also instructive to show the evolution of the radial profile of the anisotropy. This is shown in figures 5 and 6 for models T1 and T3. The core radius r c and the half-mass radius r h are also indicated in the figures for reference. Here we define the core radius as
where ρ 0 is the total central density and σ 0 is the density-weighted central velocity dispersion (cf. Spitzer 1987, p16) . In model T1, the anisotropy profiles of the two components are always similar. On the other hand, in model T3, they are very different. The anisotropy profile of the light component in model T3 is simple and similar to that in model T1. As we already stated, the most striking feature in the anisotropy of the heavy component is the initial development of the tangential anisotropy outside the core. The subsequent relaxation process produces high-energy heavy stars on radial orbits and tends to erase the tangential anisotropy. However, its trace can be observed as a hollow in the anisotropy profile around the half-mass radius even after several tens of the initial half-mass relaxation time.
We also computed isotropic models corresponding to anisotropic models T1, T2 and T3 for comparison. Mass segregation proceeds essentially in a similar way as in the anisotropic models. Although rather strong anisotropy
No. ] develops in the anisotropic models as shown in figure 3 , the evolution of the mean velocity dispersions (temperatures) in the anisotropic models is not very different from that in the isotropic models! Figure 7 shows the evolution of the temperature of each component at the Lagrangian radii containing 1, 10, 20, 50, and 90% of the total mass of the cluster, for the isotropic model corresponding to model T3. One noticeable difference between the isotropic and anisotropic models appears in the temperature at the 90%-mass radius; it is lower in the anisotropic model. This is because the halo is more expanded in anisotropic models (Papers I and II).
Clusters with A Continuous Mass Function
Figures 8a, b, and c show the evolution of the central density of each component in models C1, C2, and C3. We note that gravothermal oscillations occurred in model C1 when we used small enough time step which was comparable to the central relaxation time (cf. Cohn et al. 1989; Breeden et al. 1994 ). However, figure 8a presents the result of the computation in which longer time step was used so as to suppress gravothermal oscillations artificially. The use of the long time step largely reduced computational time and enabled us to follow long-term evolution easily. The evolution of the outer parts of the cluster is not affected by gravothermal oscillations very much, and neither is the mean trend of the long-term core evolution (cf. Lee et al. 1991 ). In every model, mass segregation proceeds in the pre-collapse phase and the central region soon becomes dominated by the massive components. In the post-collapse expansion phase, however, mass segregation almost stops to proceed as in the cases of two-component clusters. 
Conclusions and Discussion
We have studied the development of velocity anisotropy in multi-mass star clusters by solving the FP equation in energy-angular momentum space. Simulations were performed for simple two-component clusters as well as clusters with a power-law mass function (ten components were employed). The initial cluster models were multi-mass
Plummer's models, where the velocity distribution is isotropic and the velocity dispersions for all components are equal. The equipartition of the velocity dispersions is a probable initial condition for globular clusters, and implies that the temperature is inversely proportional to the stellar mass. Therefore, the temperatures of heavy components decrease rapidly at the early evolutionary stage, and this leads to the development of the tangential anisotropy, that is, the tangential velocity dispersion exceeds the radial velocity dispersion. The tangential anisotropy appears more prominently in clusters with a steeper mass function, because the degree of the initial temperature decrease is larger for such clusters.
In model C3, a cluster with a moderately steep mass-function (α = 3.5), the maximum tangential anisotropy such as σ 2 t /σ 2 r ≈ 2 for the heaviest component appears around the half-mass radius. Such strong tangential anisotropy is seen for a long time of the order of 10t rh,i . This means that it may have survived until the present time, if we adopt the typical half-mass relaxation time for the present Galactic globular clusters, 10 9 yr, for t rh,i . If the strong tangential anisotropy has survived, can we obtain any observational evidence of it? To the author's knowledge, no positive evidence has been reported, although the direct measurement of the velocity anisotropy is very difficult.
Unfortunately, the most massive stars are non-luminous degenerate remnants, i.e. neutron stars or heavy white dwarfs, in the present-day clusters. (Of course they were once more massive.) Fortunately, on the other hand, the next heaviest stars are bright red giants. They may show significant tangential anisotropy in some globular clusters.
In any case we should at least note that anisotropy profiles may be more complex than simple theoretical models, such as King-Michie models, predict. As we mentioned in section 1, multi-mass King-Michie models are most popular anisotropic models used in model-fitting of observational data. They cannot reproduce anisotropy profiles such as those observed in models C2 and C3. (However, this does not necessarily means that the density profiles cannot be well fitted to King-Michie models.)
We have not considered the effects of stellar evolution in this study. Primordial high-mass stars have already lost all or almost all of their initial masses. The mass loss has significant effects on the early evolution of globular clusters; weakly bound clusters are destroyed (Chernoff, Weinberg 1990). The way in which the anisotropy of each component develops depends on the stellar mass and the mass function as we described above. Therefore it may be also affected by stellar evolution. To a first approximation, however, we may assume that stellar evolution has the effect of changing only the initial condition, because the main-sequence time scale of primordial massive stars are much shorter than the time scale of relaxation (Lee et al. 1991) .
In this study we have considered globular clusters to be isolated systems. The effects of tidal truncation of clusters by the Galactic potential was investigated for single-mass clusters in a separate paper (Takahashi et al. 1997 ). The paper showed that the radial anisotropy in the halo is highly depressed during the post-collapse evolution due to rapid loss of radial-orbit stars. We will study more realistic models for the dynamical evolution of globular clusters in the Galaxy including both the tidal truncation and the mass function.
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Appendix. The Diffusion Coefficients
The expressions for the diffusion coefficients appearing in the single-mass FP equation were given by Cohn (1979) . The extension to multi-mass cases is easy. In this appendix we give the expressions for the coefficients in the multi-mass FP equation for completeness. We use basically the same notations as those used by Cohn (1979) .
The coefficients in equation (5) are given by
where v c (E) is the speed of a circular-orbit star of energy
functions F 0j , F 1j , and F 2j are defined by
where γ = 4πG 2 ln Λ. The functionf j (E ′ , r) is an assumed isotropic background distribution, and defined bȳ
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